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The diffraction of sound by hard geometrical shapes the computational load. The validity of the resulting

has been studied by the Method of Moments (MOM), a procedure has been verified by comparing the MoM
boundary element technique for solving the scalar results for a flat circular disk illuminated by either a
Helmholtz integral equation. The scattered fields of plane or spherical wave with the results obtained by the
several rectilinear-shaped objects are analyzed. The classical method of separation of variables and
problem of scattering by an axially-symmetric obstacle expansion in oblate spheroidal wave functions.

has been simplified by using the symmetry to reduce
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CHAPTER 1
INTRODUCTION

Loud noises such as gun blast noises from Army training facilities have brought
concerns from nearby communities. In response to this environmental issue, the Army has
built and implemented noise monitoring systems and noise barriers. For an accurate and
effective solution to noise problems, fundamental acoustic scattering and propagation should
be carefully studied.

Studying the acoustic scattering has been difficult and incomplete by theoretical
means. An efficient and accurate numerical method is necessary to investigate acoustic
scattering. A comprehensive investigation was done by Alona Boag under the direction of
George W. Swenson, Jr. at United States Army Construction Engineering Research
Laboratory (USACERL) Acoustics Team. Alona Boag concluded that method of moments
(MOM) was the best approach in solving acoustic scattering problems. MOM involves in
solving an integrodifferential equation in a matrix equation form. She has written an MOM
code which calculates the radiation patterns of an acoustic source scéttered by an object. Her
simulation result closely matches experimental data taken from a scattering of a rectangular
baffle.

Her MOM program is an excellent way of solving scattering problems of small and
simple objects. However her geometry meshing scheme, explained in Chapter 2, becomes
tedious when creating curved or complex geometry. To effectively create 3-D objects, a
package called PATRAN has been explored. A few simple PATRAN commands create
geometry, mesh surfaces, and output node coordinates.

Another difficulty is in analyzing an object large compared to its wave length, A. The
number of unknowns to be solved grows as an order of (d/A)%, and the central processing
unit (CPU) time grows as an order of (d/?»)3, where d represents a dimension of the object.

For axisymmetric geometry, a method called, body of revolution (BOR) technique,




eliminates such problems. BOR reduces the number of unknowns to an order of (d/A),
thereby reducing the CPU time. A BOR code written in FORTRAN is used to analyze
scattering from curved, axisymmetric bodies. The BOR code has been extensively tested for
its validity, including a comparison to an exact solution for scattering from oblate spheroidal
objects involving expansion of the field in series of spheroidal functions.

Chapters 2 and 3 of this thesis present the study of MOM and BOR in detail:
mathematical derivations, code implementation, and simulation results. In addition, an in
depth study of oblate spheroidal functions is given in chapter 4. Chapter 5 presents the

overall results and conclusion.




T

CHAPTER 2
METHOD OF MOMENTS

There are several methods for solving an acoustic scattering problem. A well known
method is geometrical optics (GO). GO yields an approximate solution for scattering from
bodies large compared to the acoustic wavelength [1]. Because it is an approximate solution,
only applicable to the analysis of high frequency waves, it is inappropriate for USACERL’s
scattering analysis. For example, a typical spectrum of an Army gun blast noise ranges from
5 Hz to 60 Hz [2]. In addition, accurate prediction of scattering from a complicated geometry
is almost impossible. The above reasons eliminate the further study of GO.

Another well known scattering mode is Rayleigh scattering. Rayleigh scattering is
typically used to analyze scattering from small particles such as air bubbles in liquids and
water molecules in the air. The dimensions of practical noise barriers are comparable to or
larger than the acoustic wavelength, so Rayleigh'scattering isnot an éppropﬁate model.

Alona Boag has investigated two rigorous numerical methods in solving acoustic
scattering: a partial differential equation method (PDE) and an integral equation method (IE).
She presented her findings at a USACERL seminar, and Table 2.1 summarizes her findings.
Table 2.1 clearly indicates that the IE method is the best choice among available scattering
solutions. The IE method leads to MOM, and the remainder of this chapter is devoted to

MOM.

2.1 Mathematical Derivation of The IE
When an acoustic source radiates a wave in free space, the radiated field y at an

observation point r can be mathematically described as :
y(r) = I f(rs) G(r,rs) dv (2.1)
v

where f is the source at rg. The Green’s function G(r,rs) is an impulse response at r due to




f(rs). In a homogeneous medium,

exp(ikR)
4nR

where R =|r - r . The wave number k is equal to 27t/A. The integration is taken over the

G(r,rg) = (2.2)

entire volume v of the source. Unless otherwise noted, time dependence exp(-iwt) is

assumed.
Table 2.1 Alona Boag’s comparison between PDE and IE
Method Partial Differential Equation Integral Equation
Advantaces || ° applicable to bodies comparable to |[* IE is based on the Sommerfeld
antage or smaller than the wavelength Radiation Condition
. . « the radiation condition
* can analyze arbitrary media and . .
geometry, including automatically satisfied
inhomogeneous bodies * lower number of unknowns
* sparse matrices to invert compared to PDE method
* high accuracy
. ] ° < |
Disadvantages numb3er of unknown N grows as numbzer of unknown N grows as
(d/A) (d/r)
» requires artificial boundary + applicable only to piecewise
conditions to truncate the mesh homogeneous problems
* medium accuracy « CPU time grows as (d/?»)3

In the presence of an object in the medium, a portion of the radiated wave encounters
the object and re-radiates into different directions. The object acts as a scatterer of the original
wave. When a field is measured at r, it is a sum of the fields due to the original wave and the
re-radiated one. The field due to the original wave is called an incident field, and the other
field due to the re-radiated one is called a scattered field. The sum of the incident field and the
scattered is the total field. To distinguish each field, the incident, scattered, and total fields at
r are denoted as Pin¢, PS, and P respectively. Thus the field in (2.1) should be re-expressed
as the incident field Pi"°. The incident field is recalculated using the Green’s function
assuming that the presence of the scatterer does not influence the propagation of the original

wave.




The homogeneous Green’s function satisfies the Helmholtz equation, i.e., the

frequency domain wave equation:

(V2 + -ﬂﬁ) W) = £(rs) 2.3)

C2
The speed of the sound is denoted as ¢ and is assumed to be 340 m/sec in the air.
Substituting (2.1) in (2.3) yields,

(V2 + —Oﬁ) G(r,rs) = - r-Ts) (2.4)
C2

Multiplying (2.3) by G(r,rs) and (2.4) by y(r,rs) and rearranging terms in each equation,

the following relations are obtained:

G(r,rs) VAu(r) = G(r.rs) (f(rs> i —c‘*% w(r)) 2.5)
W) VG(r.r5) = w0 (319 +2 G(r.ry) 2.6)
C

The Green's second identity states that for arbitrary scalars UandV,

I (U v?v - v V?U) d =I (UQ\—’ ; VQH) ds @
Q S

on on

where Q is a volume and S is the surface enclosing Q. Replacing U with the pressure field,

V with the Green’s function and using relations (2.5) and (2.6),

-L {\V(l‘) (S(r-rs) G(r,rs) + %’22— G(r,rs)) + G(r,rs) (f(rs) - -(322— \V(r))} dQ .

oG(r,r' ay(r'

=] vy B0 gy DX as 2.8)
S an on

where y(r') is the field on the surface and the partial derivatives were taken with respect to a

normal vector on the surface. The normal vector n points outward from the volume €. Note

that the minus sign at the right hand side of (2.7) reflects that -n is taken instead of n (see




Figure 2.1). The surface includes the scatterer surface and the fictitious surface at infinity

(see Figure 2.1).

Figure 2.1 A scatterer and a source in an unbounded space

After substituting (2.5) and (2.6) on the left hand side of (2.8) and simplifying, (2.8)

becomes,

IGT) Gy T s (2.9)
n on

'W(l')-I G(r,rs) f(rs) dQ=- I (-W(l")
Q

S

By equation (2.1), the integral on the left hand side of (2.9) is essentially equal to the
incident field Pinc,

All fields in any unbounded medium must satisfy the Sommerfeld radiation condition:

2 ik

= w=0asR > o (2.10)

This condition ensures that the field y becomes negligible at a large distance from the




acoustic source. Applying the radiation condition to (2.10) eliminates the field contribution

from the fictitious surface. Thus the volume integral is reduced to a surface integral:

oG(r,r') Ger) oP(r")

n on

P(r) = PI"°(r) + J (P(r') dSg (2.11)

Ss

where y(r) and y(r') are re-expressed as the pressure field P(r) at r and P(r') at r’'
respectively.

P(r), P(r"), and the partial derivative of P(r') are the three unknowns to be solved.
The surface is assumed th be perfectly rigid. Rigid surfaces do not move in the presence of
acoustic pressure, thus the normal velocity field on the surfaces is zero. The pressure field on

the surface is doubled, and its partial derivative normal to the surface is zero. Finally the IE

of interest is
oG(r,r")

on

P(r) = P"(r) +j P(r") dSs (2.12)

Ss

(2.12) will be used to build a matrix equation that can be solved in a computer program.

2.2 Evaluation Of The Singularity

The equation (2.12) can be evaluated at any observation point r, and when r
approaches the surface of the scatterer, the integral in (2.12) becomes singular at r=r".
Morita, et. al. cleverly evaluate the integral at the singularity [3].

Take an infinitesimally small surface around r' and call it 3S. For a convenient
evaluation of the singularity, shift the coordinate system such that the observation point r and
the integration point r' are (0,0,z) and (p',9',2), respectively (see Figure 2.2) and set z'=0.

The integral is then approximated as,

S ' a(exp(iklr-'r'l) a( 1 )
J ey ST 45 o | p )Tl L s P(r')—"’la"’il—ds 2.13)
5S n

on on
§S 58S




At r=r', P(r') is approximately equal to P(r) and may be assumed invariant within &S.
Figure 2.2 indicates that -z is the normal vector, and taking a derivative with respect to z
yields,

2mp' dp'= -——P(r) (ﬁé—) (2.14)

L p(r)
J ‘(Vp'2+ (z-2')?

Figure 2.2 Limiting procedure

As a and z approach zero, the integral at the singularity is reduced to - ;-P(r). Therefore

when the observation point is taken on the surface of the scatterer, (2.12) should be rewritten

as:

aG(r r) dSs

Pinc(r)=%P(r)+f p(r) &5 (2.15)

Ss

where f indicates the principal value of the integral. The above equation is solved to find the

pressure fields on the surface by assembling (2.15) into a matrix equation. Once the pressure
fields on the surface are known, then the real IE (2.12) can be solved for any observation

location.

2.3 Matrix Equation Assembly
Assembling a matrix equation from IE is the key step in MOM. MOM is a technique




————*

which solves the IE by dividing the scatterer surface into small patches called elements. The
elements can be any shape as long as the shape can be used tightly to mesh the surface,
Jeaving no “holes” or space on it. The simulation program written by Alona Boag uses
triangular elements to mesh the surface. For accurate simulation results, the lengths of three
sides of each triangular element must be approximately equal, i.e., isometric. Creating an

element with one extremely long leg compared to the others is not recommended. Also the

length of each triangle leg, denoted by grid length, should be less than one tenth of a wave
length.

Assuming the pressure fields do not very drastically within each element, P(r') in
(2.15) can be regarded constant on each element. Usually the value of P(r") on the center of
each element is picked; this is how the method of moment is named. The process of

assembling a matrix equation is described for a typical rectangular barrier (see Figure 2.3).

Figure 2.3 The meshed rectangular barrier and the coordinate system

Let N be the total number of the triangular elements on the surface, and define pulse basis

functions

fj =], on AS'j

%] 2.16
£=0,  onall other AS’ '# (2.16)

where AS'; is the j' triangular element on the surface. Let r'j be the center coordinate of




AS'; . Also let the unknown pressure fields on the surface be expressed by,

N
P(r') = 21 p; fj (2.17)
]:

where p is a 1 x N unknown array for the surface pressure fields. Substituting (2.17) into
(2.15), and matching the field at the midpoint of each A’s, a matrix equation is obtained as

below:
. N
P =2 Zyp ,i=1,23;-,N (2.18)
i=1

Expressing (2.18) in a matrix form,

p |= Z pinc (2.19)

where

(2.20)
Zij= % yi=]

The derivative of the Green’s function with respect to a normal vector is

aG_(ik'l . )exmk'ri'r")(ri-r')-n (2.21)

on ri-r|) 4nr;-r]|

The N x N matrix Z is called an impedance matrix, and it needs be inverted to find the

unknown surface pressures in p.

Mz

L}
—

pj= Y, Z pinc (2.22)

1

To find a total pressure at any location r, sum the incident field and the scattered field found

by the above method;

10




N .
P(r) = P"(r) + 3, pjf 95(85’—” ds (2.23)
j=1 ASJ' n

2.4 Impedance Matrix Formulation

Finding values of the Z matrix is the central part for solving the matrix equation.
Each matrix element Z;; represents the contribution of the surface integration of j™ element at
the center of i element. The surface integration is numerically done, and its accuracy is very
critical to the overall accuracy of MOM. The seven-point Gaussian quadrature is used for the
numerical integration; an integration of any ‘smooth’ function within a triangle can be

accurately obtained by sampling seven points within the triangle.

7 : .
I fir)ds=A Y, w; f(r;) + O(h%) (2.24)
triangle i=1

where A is the area of the equilateral triangle and w; is the weighting value. The error of the
quadrature is on the sixth order of h, the radius of a circle circumscribing the triangle, so h
must be less than 1 for accuracy. A point P inside a triangle can be uniquely expressed in
terms of the areas of subtriangles defined by P and the vertices of the main triangle (see
Figure 2.4). The subtriangles L1, L2, and L3 are called area coordinates and they add up to
1. The area coordinates and weights for the seven points are listed in Table 2.2 [4]. The

coordinates for the point inside the triangle can be expressed as

ri=PIL1+P2L2 +P3L3 (2.25)

where P1, P2, P3 are the three vertices coordinates of the triangle.

11




P2

Figure 2.4 Point P within a triangular element

Table 2.2 The area coordinates and weights

IL_ i " L1 " L2 L3 " Wi
1 1 1 1 270
3 3 3 1200

2 (9 + 2/15) (4 - V15) (7 -V15) (155 - 15)
21 21 21 1200

3 (4 -V15) 9 +2013) (7 - V15) (155 - 115)
21 21 21 1200

4 (4 -V15) (4 -V13) (13+2015) || (155-715)
21 21 21 1200

5 9 - 2/15) 4 +115) (7 +13) (155 +115)
21 21 21 1200

6 (4 +415) (9 - 2/15) (7 +415) H (155 +113)
21 21 21 1200

7 (4 +715) " (4 +V15) (13 - 20T3) " (155 +715)

_ 21 21 4 21 12ﬂQ__

2.5 Simulation Results
To verify the accuracy of the MOM program, a simulation of scattering from a

wooden baffle was run and compared to the physical measurements performed outdoors.

12




The baffle was 61 cm wide and 30.5 cm high, and a microphone was placed at the horizontal
center, about 7.6 cm above the ground, and 2.5 cm away from the face of the baffle. The
experimental data are taken from Benson et al. [5]. In the numerical analysis a point source is
placed at the microphone position using the reciprocity theorem. The simulation results
closely match the measurements (see Figures 2.5 and 2.6). Also diffraction patterns for the

same baffle but mounted at a tilt angle have been simulated (see Figures 2.7 and 2.8).

Total pressure field amplitude in the azimuthal plane

—

L

Calculated
. Measured Frequency: 400 Hz

Figure 2.5 The MOM beaffle simulation and measurements 1
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Total pressure field amplitude in the azimuthal plane

1.2
1

0.8
0.6
0.4F
0.2
0

Calculated

¢  Measured Frequency: 500 Hz

Figure 2.6 The MOM baffle simulation and measufements 2

Side view

+ Z-axis
0019m A

04513 ™

\E

Figure 2.7 The tilted baffle
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Total pressure field amplitude in the azimuthal plane

Tilt angle: 30°

Figure 2.8 MOM simulations of the tilted baffle 2

When one fires a gun inside a shed, the acoustic excitation may be represented as a
point source. A simple shed has been modeled as in Figure 2.9, and the diffraction patterns
have been studied. Figure 2.10 shows the diffraction pattern of a point source inside a shed.
Also a simple hill has been modeled to see the diffraction patterns of gun blast noises nearby
a hill (see Figures 2.11 and 2.12). The dimensions of the hill is small compared to a realistic

hill, and analyzing a larger hill requires more CPU time and memory.
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Figure 2.12 The MOM simulations of the hill

2.6 Problems In MOM

Although Alona Boag’s program accurately predicts the scattering pattern, there are
several difficulties in using her codes. First of all, the mesh generator she used is not user-
friendly. For example, to mesh the rectangular baffle, one has to enter four vertices
coordinates for each rectangular face of the baffle counter clockwise, looking from the
outside of the baffle. This ensures the correct calculation of outward normal vectors. It is
simple for the baffle with six faces, but when a geometry is complex and has many facets, it
is tedious to enter the coordinates manually. In addition, an accurate meshing of any curved
surface is impossible since the mesh generator assumes a flat surface. To create geometry
and mesh its surfaces with ease, a finite element analysis package called PATRAN is

explored. A few simple PATRAN commands create geometry, mesh surfaces, and output the

18




coordinates. Creating and meshing curvatures are simple with PATRAN. However, there is
a drawback in PATRAN. To define outward normal vectors on surfaces of an object, the
coordinates should be listed in counter clockwise sequence. PATRAN meshes and lists
element coordinates arbitrarily, either clockwise or counter clockwise. Some normal vectors
point outward, and others inward. To remove this arbitrariness, a simple routine is written.
Assuming each element is approximately equal in size, the center coordinates of each element
are summed up and then divided by the number of elements, N. This yields an approximate
center coordinate of the scatterer, and a dot product of a vector from this center of the object
to a center of any element and the corresponding normal vector should be a positive quantity.
If negative, then it indicates the normal vector is pointing toward the center of the object, and
the direction of the vector should be reversed.

Other difficulties are the memory and CPU time needed in computing. Since the
number of elements N is proportional to the surface area, analysis of an object large
compared to the wavelength is difficult, if not impossible. As N increases the required
memory for storing the impedance matrix increases as N2, In FORTRAN, reserving a large,
contiguous section of working memory becomes difficult when solving for a large number of
unknowns. For example, in the Michigan baffle simulation at 163 Hz, 7,308 triangle
elements are meshed, and the number of the matrix elements is 53,406,864. Each matrix
element occupies 16 bytes of memory for a complex double precision data type. Thus more
than 854 MBytes are needed in creating the matrix. The CPU time for a matrix inversiom is
proportional to N3. Most of the acoustic scattering simulations have been solved in a Convex
C420 machine at the University of Illinois. The Convex C420 has four processors with 512
MBytes of memory. It is used for high speed, heavily vectorized computations. Howevér
C420 has proved to be inadequate for the baffle simulation at 163 Hz. An access to a more
powerful machine is obtained from National Center for Supercomputing Applications
(NCSA): Power Challenge account. The Power Challenge Machine is built by Silicen
Graphics, Inc., and it has 16 shared memory multiprocessors. Its total memory is four giga

bytes, and it can perform 300 mega floating point operations per second (flops) per
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processor, total of 4.8 giga flops.

In spite of the increased capacity, a more powerful machine is needed in analyzing
larger objects at high frequencies. The limited resources are unavoidable. One should look
for a clever method of solving the problem instead of looking for a faster machine. A
technique that overcomes all of the above problems, meshing, memory, and CPU time, is

sought and implemented in Chapter 3.
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CHAPTER 3
BODY OF REVOLUTION

As discussed in Chapter 2, MOM has many limitations in analyzing large, curved
scatterers. A common example of such a scatterer is a parabolic reflector. A parabolic
reflector is axisymmetric, so a method called body of revolution (BOR) can be used to solve
such a case. The study of the BOR technique is based on a paper by Seybert et al. [6]. By
taking an advantage of the axisymmetric properties, the surface integral is reduced to a line
integral along the generator of the scatterer body and an integral over the angle of the
revolution. The integration over the angle is performed partly analytically in terms of elliptic
integrals and partly numerically using the Gaussian quadrature formula. A program in
FORTRAN is written, and the same test cases in the Seybert’s paper are run and compared to
the paper. My results agree well with both the paper and the theoretical solution. This chapter

describes BOR in detail.

3.1 Derivation Of BOR

The derivation of BOR is based on the Helmholtz integral formula,

Cr) Wr) = I W) Q—G%’Q ds + 47 () 3.1)
where
_ o 1 -
C(r) = 47 + IS ETn(R (”,)) ds(r") (3.2)

Throughout the derivation of BOR, the time dependence of exp(iot) is used, and the Green’s
function is taken as G(r,r") = exp(-ikR)/R to follow the notations of the Seybert paper. The
integral in (3.2) approaches -27 on the smooth surface of the body.

Figure 3.1 illustrates a simple axisymmetric scatterer and the nomenclature needed in

the derivation of BOR. When the scatterer, boundary conditions, and sources are
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axisymmetric, the pressure fields and the normal velocity fields on the surface of the scatterer
are also axisymmetric. Taking an advantage of this symmetric distribution of the fields, the

surface integral may be reduced to a line integral.

Figure 3.1 A simple axisymmetric scatterer

Because the axisymmetric body is independent of the angle of revolution 0, y(p,0,z)

depends only on z and p. The integral in (3.1) may be expressed as below:

2n .
\ 0 [exp(-ikR(r,r") , , ,
wo) | [ o {RBCRE) g )J p(x) dL(r)

W) [ %" exp(ikR(r,r') v, | .. .
o B IO —R(I'T)—— de(r') [ p(r") dL(r") 3.3)
For convenience, let
2n
N 0 [exp(-ikR(r,r") ,
K(l’,l‘) = J(; a_n(——R—(m_) d9(r ) (34)
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The above equation can be decomposed into two parts,

2n

N d {exp(-ikR(r,r") -1 .
K (r,r) ‘L a'n{ R )de(r) 3.5)
2n 3 1
and Ko(r,r) =L | a‘n{R(r,r')) de(r") (3.6)

As R approaches zero, the integrand of K(r,r') can be expressed in terms of a Taylor’s
series expansion,

exp(-ikR(ryr)-1 1- ikR(r,r"y + 0.5 (-ikR(r,r))? -1 _ ik - k2 R(r,r") 3.7
R(r,r") - R(r,r') - 2 '

Let the normal component of R(r,r') be d, and the tangential component be x. Then the

derivative of (3.7) becomes,

o[ K R(r,r'))__ﬁ R(rr)_ K2 d 3.8)
on 2 T2 o 294aia? '

As x approaches zero, (3.8) will be - %2-, so K;(r,r') is non-singular and can be evaluated

numerically at R(r,r') = 0. Ka(r,r") can be expressed in terms of the elliptic integrals.

2n

N1 G WO - Y 40 |_3[4Hwrk
Ky(r,r') = > UO Rirr) de(r )} = EIO (1 = sin2(p)”2 =3 [ﬁ F(n/2,k)] (3.9)

where F(r/2, k) is a complete elliptic integral of the first kind with modulus k. Also,

= 4
R? = (pq + pp)f +(zq +zp)* and k=—PR%p—P. The outward normal vector at point Q is

defined as n = an3+nZQE, and the angle of revolution is 6 = 6q - 8p. Evaluating (3.9)

yields,

Ky(r,r') = :4—

= KﬁaF ok -Fa—R)an+(§aF9£-F-95 nQ} (3.10)

ok dpo  9pQ ok oz  dzq)

The derivative of F is expressed in terms of the complete elliptic integral of the second kind,
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.2
EE'%zF (3.11)

Sk

2r
where E =J (1 - Ezsinz(p)l/zd(p and k' = (1 - Ez)l/z. Substituting above expressions and
0

evaluating derivatives in (3.10),

R RFE _E(pq+po) E (zq - zp)
Kyrr)=-24|(L RE _LRF_ ZUX NpQ - ——=2 2 p (3.12)
? RZM2 pok? 2P0 Rk2 | 7Y k2R 0

Thus the surface integral in (3.1) is expressed as a line integral as below:

C(r) W(r) = IL y(r') K(r,r') p(r') dL(r') + 47 yino(r) (3.13)

where C(r) = 4n + L Koa(r,r') p(r') dL(r").

3.2 Numerical Implementation
Equation (3.13) can be numerically evaluated along a contour L of an axisymmetric

body. The line L is divided into segments for integration (see Figure 3.2).

z Element 1
Node 1 )
Element 2
3
4 >
Y
se/
6
7
9 8
Element 3
Element 4

Figure 3.2 Discretization on the contour L
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The line L is divided into four elements where each element is made up of three nodes. The
contour along the line L is assumed to be varying quadratically, and the variation is called a
shape function, Nu(8). A quadratic shape function is defined as below, and it provides a
more accurate description of the contour than does a linear shape function. § is called a local

coordinate and ranges from -1 to 1, and o is called a local node number and ranges from 1 to
3.
=.LlgyLlg? =
No(§)=1-¢’ =2 (3.19)

Na(§)=%§+%§2 ,o0=3

The actual coordinates can be represented in terms of the shape function and local coordinate,

3
p&) = ; No(&) pa
“3‘1 (3.15)
d®=§%Nd®Za
o=

The above equations map each element on the body onto a straight line in the local coordinate

€.

p2
ol p3 pl p2 p3
ot >— *— >
1 0 1 &
Element 1 Local coordinate

Figure 3.3 The element mapping onto the local coordinate system

Similarly the pressure fields y along L are approximated using the same shape function.

3
Ym(&) = 2, No(©) Vo
o=l (3.16)
where W is the value at node o on the element m. Because the fields distribution and the

contour are described using the same shape function, the formulation is said to be

isoparametric.
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Applying the above scheme to the line integral Equation (3.13) yields,
N 3 I .
Coymn = X Zl ‘-lfmaj K(r,r'(€)) Na(8) p(§) Im(§) d€ + 4m yi*(r)  (3.17)
m=! o= -1

where

3 1
Cr)=4n+ 3 | Kar,r') p&) Im) d& (3.18)
1

m=1 J-

N is the total number of elements used to discretize the scatterer body, and J,(€) is the

Jacobian of transformation for element m.
do \2 21172
In@©= (_P) + a—z =
&) \d¢

B—(p:& -p1)E+(pl +p3 -2p2)2+%(z3-zl)§+(zl +z3-2_22)2}1/2

(3.19)

Therefore for any point P on the surface of the scatterer, whose global node number is j, the

integral equation can be expressed as follow:

3 '3 N .
where
1
=k [ K@ Na®) &) e G21)
1
and Cri= g | KatB)p® In®) (322

Equations (3.20) to (3.22) apply to each node, and those M equations make up a

matrix equation for BOR.

A v |=|yinc (3.23)

For integration on the § axis, the Gaussian quadrature was used. Initially a 4-point Gaussian

quadrature formula was used to evaluate the integral. Comparing with the theoretical solution
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revealed that the 4-point Gaussian quadrature introduced 20 - 30% error. 6- or 8-point
Gaussian quadrature must be used for an accurate numerical integration. In addition the
number of total nodes were varied, and the number of nodes did not contribute much to the
accurate analysis. For example, scattered patterns from 9, 17, and 33 node-bodies were
similar to one another. Thus beyond a reasonable number of nodes, the number of total

nodes will lengthen the computational time without any improvement on the accuracy.

3.3 Scattering From Spheres

Several cases were run to verify the validity of the code. To compare with the results
from the reference paper [6], identical test parameters were chosen. Seybert et al presented
the scattered pressure field patterns of spheres due to an incident plane wave [6]. The test
case results closely agree with the results from the paper. In addition, a theoretical scattering
pattern for Figure 3.4 was computed in Mathematica for a further comparison. Due to its
simple geometry, scattering by a sphere can be solved analytically. For a rigid sphere with a

plane wave incident in -z axis, the total field is [7],

Yot = it 4y = 3 ()" 20 + 1) [ja(ke) - @ W (kn)] Po(cosb) (3.24)
n=0

where j, and hgl) are spherical Bessel and Hankel functions, respectively. Also a'y = i(;\)leﬁ
h,”’ (ka)

where a is the radius of the sphere. Py, is the associated Legendre function.Since the incident

field is exp(-ikr cos®), the scattered field is ytot - exp(-ikr cosB). In the actual calculation of
the analytic solution, the summation in (3.24) were added up to n = 30 (see Figure 3.5). The
test cases involving only one scattering body were compared to the analytic solutions, and
both my results and [6] closely followed the analytic solutions (see Figure 3.6). For test
cases involving two discrete spheres, approximate solutions, which neglected the interactions
between the two bodies, were compared to the numerical solutions (see Figures 3.7, 3.8,

and 3.9).
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Figure 3.5 The BOR simulation and analytic scattering patterns of the sphere
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Figure 3.7 Scattering from two spheres
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3.4 Scattering From Parabolic Reflectors

Comparing the simulation results in Section 3.3 is not adequate for a complete
validation of the BOR code. Scattering from the spheres is axisymmetric regardless of the
propagation direction of the incident field. Also only the diffractions due to a plane wave
incidence have been compared and validated. For a complete testing of the BOR code,
scattering due to a point source incident on an object such as a parabolic reflector should be
tested.

Simulations on the diffractions of the parabolic reflectors can be useful since the
parabolic reflectors are used as acoustic amplifiers [8]. Recording bird sounds in the
wilderness is not a trivial task for ornithologists since the bird sounds may not be loud
enough to be distinguished in the presence of background noises. Many ornithologists use
parabolic microphones to record bird sounds. A parabolic micrdphone isa parabqlic reflector
dish with a microphone attached to the dish. Typically the microphone is located at the focal
point of the parabolic reflector because the fields will arrive in equi-phase at the surface of the
reflector. Using the reciprc;city theorem, a diffraction pattern due fo a point source at a focal
point is identical to the reception pattern of the microphone located at the focal point.

Although the use of the parabolic microphones are common in bird recordings, exact
reception patterns are not supplied by their manufacturers. The receptivity of parabolic
reflectors is thought to be highly directional. Manufacturing parabolic microphones is not as
simple as building flat baffle-type directional microphones because of the curvature. Thus the
price of the parabolic microphones are quite expensive. The diffraction patterns from various
parabolic reflectors can be accurately calculated by the BOR code. Note that as the focal point
is place farther away from the reflector, the curvature of the reflector becomes more flat (see
Figure 3.10). Figures 3.11 through 3.15 show far field diffraction patterns for parabolic
reflectors whose diameters are twice the acoustic wavelength of the interest. The reflector
analyzed in Figure 3.15 is virtually a disk since the focal point is 100 wavelengths away
from the center of the reflector. Except for Figure 3.11, the highest directivity is achieved

when the point source is placed at 0.5 wavelength away from the center. This is plausible
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because the scattered fields on the surface of the reflectors have the same phase as the
incident fields on the rigid reflectors. Therefore when the source is positioned at 0.5
wavelength away from the center, the incident and reflected fields are also in-phase, adding
up the field amplitudes. The patterns show that the parabolic reflectors do not neccessarily
achieve high directivity. Large side lobes can be found depending on the positions of the
source. Figure 3.16 compares the diffraction patterns of a parabolic reflector, disk, and a
rectangular baffle with similar dimensions. Thé parabolic reflector achieves slightly higher
directivity, and it is not enough to justify for purchasing expensive parabolic reflector

microphones.

Focus

A typical parabolic reflector

Focus

A disk-like parabolic reflector

Figure 3.10 The parabolic reflectors
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Figure 3.11 The BOR simulations of the parabolic reflector 1

Total pressure field amplitude in the azimuthal plane

1.2

0.8
0.6
0.4

S AL RARERRRE]

Source at the surface
Source at 0.25 wavelength
Source at 0.5 wavelength

Source at 1 wavelength

Diameter: 2 wavelengths

Focus: 0.5 wavelength

Figure 3.12 The BOR simulations of the parabolic reflector 2
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Figure 3.13 The BOR simulations of the parabolic reflector 3
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Figure 3.14 The BOR simulations of the parabolic reflector 4

34




Total pressure field amplitude in the azimuthal plane

Sonrve af the surdace
Source at 0.23 wavelength
Source at 0.5 wavelength
ource at 1 wavelength |

Figur

Focus: 100 wavelengths
“flat disk”

s of the parabolic reflector 5

Total pressure field amplitude in the azimuthal plane

1.2

\

) ' 0.8
0.6
0.4
0.2

Plate
Disk
Parabolic reflector

Parabolic Reflector

Diameter: 1 wavelength

Focal length: 0.22 wavelength
Point source at focus

Figure 3.16 The BOR simulations of the parabolic reflector, disk, and baffle
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3.5 Scattering From Thin Disks

Although the parabolic reflector simulations due to a point source could not be
compared to known results, the simulations can still be checked for the validity. When the
focal length of the parabolic reflector becomes large compared to the wavelength, the shape
of the reflector resembles a thin disk. Diffraction of a thin disk has been rigorously analyzed
previously by many scholars [7, 9, and 10]. Leitner presented the diffraction of sound by a
circular disk due to a plane wave incidence [7], and the exact theoretical values based on the
wave functions of the oblate spheroid were plotted in his paper. Also Wiener’s
measurements supported Leitner’s work [10].

In order to compare with the Leitner’s results, the same test cases were run using
BOR code (see Figure 3.17). Figures 3.18, 3.19, 3.20, 3.21, and 3.22 show the BOR
simulation results. The BOR simulation results agree with the Leitner’s exact theoretical
calculations, and they match closer to the experimental data than the Leitner’s results [9].

There is no study on the diffraction patterns due to a point source incidence although
an exact solution exists. The solution is expanded in terms of oblate spheroidal wave
functions which are not simple to calculate. Since the oblate spheroidal wave functions are
not available in any mathematical software package, a computer code is written to calculate

the functions which are discussed in Chapter 4.

Incident plane wave
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side -
T
Bright -
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-

Figure 3.17 The thin disk
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Figure 3.20 The BOR simulation of the disk 3
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Figure 3.21 The BOR simulation of the disk 4
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CHAPTER 4
SPHEROIDAL WAVE FUNCTIONS

Chapter 3 describes BOR in detail and present.s the BOR simulation results compared
with the experimental, analytic and numerical solutions from [5, 6, 7, 8, 9, and 10].
However those results are valid only for an incident plane wave, and no solution is available
for a point source excitation. In order to verify the BOR scattered patterns for a point source
excitation, an analytic solution for an axisymmetric geometry must be sought. Studying the
oblate spheroidal geometry is a good way to verify the BOR codes. A “fat” spheroid

represents a sphere, and a thin spheroid becomes a disk.

4.1 The Oblate Spheroidal Geometry |
The oblate spheroidal coordinates (§,n,0) shown in Figure 4.1 are related to the

rectangular Cartesian coordinates (x,y,z) by the transformation

x=14 V{E2+1)(1-1?) coso

dV(e? +1)(1 - 2) sino

1
Y=3

4.1)

=1
z—2d§n

where 0 S € < o0, -1 M <1, and 0 £ ¢< 2x. The z-axis is the axis of symmetry, and the
interfocal distance, minor axis, and major axis are d, d§ and d'V §2 + 1 , respectively [6].
Because of the axisymmetry there is no ¢ variation, so ¢ is assumed to be zero in the rest of
this chapter.

The exact solution for an acoustically hard oblate spheroid due to a point source

excitation on z-axis (Tjg = 0) is computed by Bowman et al. [7] as
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R(l)I -.C9‘ . . . . .
LR\ (-ic,iEo) - —%)(—’i’ﬁ RE)(-ic,i&) | R (-ic.iE>) Son(-ic,m) (4.2)
Non © RY (Hic,i&y)

The above notations are consistent with the Flammer’s notations [11]. The coordinate of the
oblate spheroid surface, the source point, and the field point are denoted as (§1,M1,0).

(£0,0,0), and (&,1,0) respectively. Also £ and &, take the minimum and maximum values

between the source point and the field point coordinates respectively.

YA
An=1 1 =0.866
n=0.5
=057
¢=TC &=02 ¢=O
=0
& —>» X
n=0
|
|
|

Figure 4.1 The oblate spheroidal coordinate system

The oblate spheroidal coordinate system is one of the coordinate systems in which the

scalar wave equation
2 2
Vi+k?y=0 4.3)

is separable [1 1].'To express this equation in spheroidal coordinates, the following relation

for metrical coefficients, hg, hy, and hy, are defined by
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dx2 + dy? + dz? = hf d&” + W2 dn? + by, ¢ (4.4)

where the scale factors are defined in [12] as,

‘2 172 2 172
72 L)

41 1-n?
g =4 [(1-2) (¢ + 1] @5

With the use of the expression for the Laplacian operator in orthogonal curvilinear

coordinates, the following differential equation is obtained [12].

(1) Ly 2 (e2hn) Ly Eem

2
on m 9% o0& (§2+1)(1-112)8<|>2+CZ(é +ﬂ2)JW=0 o

where ¢ = %— kd. By the usual procedure of the separation of variables, the solution of (4.6)
is found as

Wmn = Smn(-i¢, 1) Rmn(-ic,i€) exp(im¢) 4.7

The angle and radial functions, Smq(-ic,1) and Rpyp(-ic,i€), satisfy the ordinary differential

equations [11]

2

i[(&% l)fgsm(-ic,i&ﬂ-[xm(-ic)-c2 g2 _m2 }Rmn<-ic,i&)=o 38)

a5 E +1
%[(1 -n?) 5% Smn(-ic,n)| + [}"mn("ic) +c2n?- fmz_z} Sma(-ic,) =0 4.9)

The angle and radial functions are the key functions in computing (4.2). All of the vaﬁables
in (4.2) are evaluated at m = 0, and the rest of this chapter assumes m = 0. Flammer
describes the derivations of the angle and radial functions in detail [11], and the following
two sections briefly explain his derivations since understanding the derivations are crucial in

developing a computer code.
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4.2 The Angle Functions

In the differential equation (4.9), Son i obtained from the expansions in the
associated Legendre functions of the first kind [1 1]:

Son(-ic,M) = 2(‘,)'1 df(-ic) P«(m) (4.10)

The prime over the summation sign indicates that the summation is over only even values of
r when n is even, and over only odd values of r when n is odd. Substituting (4.10) in (4.9)
and the use of the associated Legendre differential equation and the recursion formulas for

the associated Legendre functions yield the following recursion formula for the coefficients

don 1117
(r+2)(r+1)c2 on
2r+3)Q2r+5 2
- _ 2
- r(r+1)-10n-_r—(ﬂ)—1——c2 d0n+—‘—(—’ﬁf—— 020 (r=0) .11

(2r-1) 2r +3) T T @r-2)@r-1)

Finding the solution to the above recursion formula is the key step in obtaining the angle
functions since the associated Legendre functions are relatively well-known functions. A
FORTRAN subroutine from Numerical Recipes was used for the Legendre functions (see
Appendix C).

For convenience, let

_ 1 1
y=re-Lefls ool 620 (4.12)
o -1t ) 4.13
b= P -m @D 22 @)
Noo.1@-De? &t 5o (4.14)

@r-D@r+1) gn

Substituting above notations in (4.11) yields,
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N B

and reciprocally

Nrs2 = Aon - Yr -

With N2 = ;\-On ‘YO, N2 = kOn -Yl‘

Y - }"On - Nr+2

Fr
b

N;

, (122) (4.15)

(rz22) (4.16)

The recursion formula (4.11) must be convergent, and this condition leads to the

iterative computations of N; from (4.14) for large values of r. Conversely from the initial

values N, and N3, N; is calculated from (4.15) for small values of r. When c is small, the

dominant coefficient for given n is d2» [11]. Thus it is convenient to obtain the ratios of the

coefficients don/d9n. It is observed that the series of the coefficient ratios obtained from

(4.15) is accurate only for large r, and the series from (4.14) is accurate only for small r.

Therefore for r less than n, the coefficient ratios from (4.14) are taken, and for r greater than

n, the coefficient ratios from (4.15) are taken.

The calculation of the coefficients are based on the accurate value of Ag,. The

eigenvalue for a small c? is obtained from a series in powers of ¢2 [11].

Aon(-ic) = ¥, (-1)K 130 c2k
k=0

4.17)

where 18“ =n (n+1)
On_1 1
k=3 [1 T2n-D en +3)]
on _ - (n +1)% (n + 2)? . n2 (n - 1)
Y To@n-1) (2n+2)(2n+3)3(2n+5) 2(2n-3)(2n-1*@2n+1)
0n _ n2 (n - 1)? N (n +1)2 (n + 2)?

: _(2n—5) (2n-3)(2n-1’2n+ 1) 2n+3)

(2n-1)(2n+2)(2n+3) 2n+5) 2n+7)

On _ 1lpilcsl
Ig 2A+1B+8C+2D

6

n2(n - 1)2

(n+1)2(n+2)2

A= -
(2n-5)2(2n-3)2n-1)7 @n+1) 2n+3 @2n-1)2@n+1)2n+3)7 2n+5) (2n + 7)2
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_ n? (2n - 1)2 (2n - 2)* (2n - 3)? ] (n+ D2 +2) @ +3)* (@+4)
@2n-7)(2n-52(@2n-3*2n-1)*@2n+1) (2n+1)(2n+ 3*2n+5°2n+772(2n+9)

_ (n+ D* (n+2)* ) n (n - 1)*
@n+1)22n+3)7 2n+5)?2 (2n-3)2(@2n-1)7 2n+1)?

_ (n- 1)2n2(n+1)? (@ +2)>
(2n-3)(2n-1*2n+1)2(2n+3)*(2n+5)

(4.18)

In the numerical computation, truncating the summation up to k = 4 yields sufficiently

accurate eigenvalues for small c2. For a large argument, an asymptotic expansion is used
[11].

Aon(-ic) =-c2+2c (2v+ 1) -2v(v+ 1) -1 + Aon (4.19)
where v = % forneven and v = % for n odd. Agp is defined as

o0

Aon = Z Bgn ck
k=1
B =-23q(g2+1), B2 =-2°[sqt+10q%+1]
B = . 29q[33¢4 + 114q2 + 37), B4 =- 210[63¢6 + 340q* + 2392 + 14]  (4.20)

where q = n + 1 for n even and q = n for n odd.

The power series and asymptotic expansion fnethods are not sufficient for
intermediate values of c2, and the eigenvalue should be refined by Boukamp’s method of
approximation. The eigenvalue is obtained from a transcendental equation U which is

originated from equations (4.15) and (4.16) [1 1]

U(Aon) = Ur(Aon) + Uz(Aon) =0 ‘ 4.21)

where
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Bn and  Uj(hop) = - Bn+2

Ul(}\'On) =-%h+ }\'On -
Yn-2 - 7LOn - Nn-Z Yn+2 - }VOn - Nn+4

Note that Ny,.» is evaluated by the equation (4.16) and Np,4 is evaluated by (4.15). Let 7»81,,)

be the approximate eigenvalue calculated from either of the above two methods, and 6\, be

the difference between the actual eigenvalue and the approximate value.
_ 1 ey
0 = U(Aon) = U(kgn + OAon) = U(Agn) + OU (4.22)

by finding the first variation of U due to the variation 8Aq,. If the variation Ao, is made in

the eigenvalue, the variation on (4.16) is

ON42 = Ohon + i ON; (4.23)

(N2

Likewise, the variation on (4.15) is

SN, = (Nof [N,z - Shon) (4.24)

r

By iteration of (4.23) and (4.24) the variations of U are obtained

SU 5o |14 B, _BoBoz  BaBnoBas J 425
- (Nn)2 (Nn)2 (Nn-2)2 (Nn)2 (Nn-Z)2 (Nn-4)2
§Uy = hgn| (ol | (Nol* (Nnwal | (NaF (Nuso (Nowa | J (4.26)
Bn Bn Bn+2 Bn ﬁn+2 Bn+4

Substituting (4.25) and (4.26) in (4.22), O\ is found to be

- Uy(06) - UAG)
(Nn+2)2 + (Nn-x-z)2 (Nn+4)2 +.. }
ﬁn+2 Bn+2 Bn+4

OAon =

(4.27)
Bn Ban-Z

1+ + +---
(Nn)2 (Nn)z(Nn-2)2

+

The new eigenvalues obtained by the above method yield exactly same eigenvalues listed in

[12]. Thus the Boukamp’s method leads to remarkably accurate eigenvalues, and this
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accuracy is the key in calculating the coefficients.

Once the coefficient ratios are determined accurately, the actual values of the
coefficients can be obtained in terms of an arbitrary coefficient value. Flammer uses a
normalization scheme [12] such that each spheroidal angle function reduces exactly to the
corresponding associated Legendre function when ¢ becomes zero. This normalization
follows Chu and Stratton’s normalization scheme [12] except that the normalization is carried

out at 1 = 0. Thus using the normalization relations below, the coefficients are completely

determined.
o0 ' 2 a1
(-1 ;' don l)n; 2n" for n even (4.28)
—0 0T n(n

!
) ‘ "~ fornodd (4.29)

Once the expansion coefficients are determined, N, from (4.2) is easily found as below

{11].

o on :
=2 (d i _ (4.30)

r_.01 21'+ 1)1"

4.3 The Radial Functions
The radial functions satisfy the differential equation (4.9). The eigenvalue in (4.9) is
identical as in (4.8) of the angle function. The radial functions are found in terms of the
spherical Bessel, Neumann, and Hankel functions [8].
o0 -1
RE)(-ici€) =[ Zo'l d?"j‘ 20,'1 irn 40 Z®(cE) (4.31)
r=0, r=0,

where

ZP(z) = \/% Jl(@) forp=1

ZP)(z) = \/% Y, %(z) forp=2

4.32)
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J and Y are Bessel and Neumann functions, respectively. Similar to Hankel functions, the
radial functions are related likewise [12]
3D, . D, . . ) VI
Rf)rz(-lc,lf;) = Rg)rz(-lc,li) +i R(On)(-lc,lﬁ)

RV (-ic,i&) = R{(-ic,i€) - i R (-ic,i&)

n n

(4.33)

(4.33) makes defining the radial functions easier. The derivative of jo(-ic, i) is easily
obtained by taking the first derivatives of RS (-ic,i&) and R (-ic,i&).
©0 -] o0
RE) (-ici€) { P d?“} Y i dl ZP (k) (4.34)
r=0,1 r=0,1
However calculating the radial function of the second kind for small values of & is not
suitable since the Neumann function converges poorly for small arguments. For small values

of &, a better numerical method should be used to calculate the radial function of the second

kind.

The angle functions and the radial functions are related by joining factors Kg;) [12],

S (-ic,i€) = KM (-ic) RP)(-ic,i€)  forp=1,2 (4.35)
where
‘ n! Y'don
O =0
Ko (-i€) = on (0] for n even
n —
2% dg (2) :
0 3(n+1) Y don
Ko (-ic) = - =1 for n odd
ioon Onfn-1)1(n+1\
1c2d1(2), 5 )
(4.36)
ic 2n _1‘1_2! dgn -
ng;u) (-ic) =——%—Z' do" forneven
: r=0
c2on(n-1 ! n+1 !d(l)n -
ngn) (-ic) = ( 2 ) ( 2 ) >'d% forn odd

3(n+ 1) =

48




Based on the above relations, Flammer has derived power series expansions for the oblate

radial functions as below [11].

RO (cic, i€) = Qpn(-i0) Rp)ic,) [tan &) - & + gon(-ic.iE)

with
¢Y)]
[kDio)] i iOf on .. (20
QOn( ic) = oy (-I¢) ————— for n even
rt (27 (o)
(1) .
Qon(-ic) = []—(0—“(1—)]— od™(- c)—(i—z—l— for n odd
rt (27 (-n)!
where oc M(-ic) = [ 5 . The coefficients c3 are
€0
n = L3 (rk (r + L) d9" for n even
2

On=—L_% (i (r + 2) d3n, fornodd

where(r)ksr(r+1)(r+2)---(r+k-1),(r)051.

The function go, in (4.37) satisfies the inhomogeneous radial equation [11]

4 (g2 4 1)L - hgp(eio) + czﬁ"} £0n(-iC,iE) = - 2 Qhn(-ic) & R (-ic, &)
dg dg d§

It is convenient to expand gon in the form

e e 2r+1
gon(-ic,if) = ¥, B E ™ forneven
r=0 )

gon(-ic,iE) = 3, B E¥ for n odd
r=0

(4.37)

(4.38)

(4.39)

(4.40)

4.41)

since the power series expansions are used for the values of & which are close to zero [11].

After substituting (4.41) in (4.40) and rearranging, the following recursion formulas for B%:1

are obtained [11].
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(2r+2)(2r+3) B2r+2 + [(2r + 1) (2r + 2) - Agn(- 10)] B2r +c? B?_r 5

_ (4.42)
= -2 Qpi0) [0 S Iie) 2k (K + 1) forneven,

=r+]
(20 + 1) (2r + 2) BY,, + [2r (2r + 1) - Agn(-ic)) BY + ¢2 BY", (4.43)

= -2 Qhi0) [i Ko | S Baec) (2 + 1) (K) - kz 1 c§p(-ic) 2k (K2 )| for n odd.
k=r =1+

The symbol (lﬁ) denotes the binomial coefficient — Xl The initial coefficients BY" are

k-n!'r!

found in [11] as

BY" =[c R (-ic,i0)]”" - Qfy(-ic) RY(-ic,i0) for n even

(4.44)
BY" =[c RV(:ic,i0)]" forn odd
where
‘n On _.
RO(ic,i0) =290 1O o heven,  RY(-ic.i0) = 0 for n odd
On - On
> d(-ic)
=0 (4.45)

Rgn)'(—ic,iO) = M for n odd, Rggv(-ic,iO) =0 for n even
3§' dP™(-ic)
r=0
The remaining coefficients are completely determined from the recursion formulas in (4.42)
and (4.43).
The derivative of Rgzn) is determined by simply taking a derivative of (4.37).

* . a1, . .
R ic,8) = Qiy(cic) RY Cic)[tam ') - ] + Q""("?RO"("""&) + gon-ic,iE) (4.46)
+1

where g'g,, is
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©0

gon(-iciE) = ¥ @r+1)BP & forneven

r=0
4.47)

g'on(-ic,i€) = X, 2r BI" E_,zr'l for n odd

r=0

Therefore the numerical means of calculating the radial functions are completely determined.

4.4 Analytic Solutions

The exact solution in (4.2) have been calculated in terms of the angle and radial oblate
spheroidal functions. Although (4.2) is a short equation, writing a FORTRAN code for it has
been challenging. There is a limited listing of the eigenvalues, coefficients, angle functions
and radial functions in [11] and [12]. A portion of those values listed in [11] and [12] have
been verified when debugging the code. In spite of the inadequate information, the code
calculates satisfactorily. Figures 4.2 and 4.3 compare the analytic solutions obtained by the
code and the corresponding BOR simulation results for thin disks. The exact solution in
4.2) inyolves a summation from zero to infinity for n, but a summation from zero to 30
prers to be adequate for the code. Comparing the analytic solution has proved that the BOR

code is valid for a point source excitation as well.
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Figure 4.2 The BOR simulation and analytic diffraction solution of the disk 1
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Figure 4.3 The BOR simulation and analytic diffraction solution of the disk 2
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CHAPTER 5
CONCLUSIONS

In this thesis numerical methods for calculating diffractions of acoustic waves have
been investigated. Diffraction patterns have been accurately calculated using the MOM code
for simple objects small compared to their wavelength. Chapter 2 introduces the MOM and
presents the simulation results. The MOM code is most useful for studying diffractions of
rectilinear objects, and it is not suitable for analyzing curved objects due to the unfriendly
meshing scheme. The BOR code is written to compensate for the shortcomings of the MOM
code. Diffraction patterns of axisymmetric objects with axisymmetric boundary conditions
can be efficiently calculated by the BOR code. The diffraction patterns of spheres, parabolic
reflectors, and thin disks have been successfully calculated, and the simulation results are
shown in Chapter 3. Diffractions due to a plane wave incidence are easily compared with
existing references. For a point source incidence, no graphical daté are available, and only
the analytic solution is expressed in terms of the spheroidal wave functions. In Chapter 4 the
oblate spheroidal functions are discussed in detail. A code is written to calculate the analytic
solution, and the calculation results have verified the validity of the BOR code for a point
source incidence.

Note that the boundary conditions must also be axisymmetric for the BOR
simulations. All of the BOR simulation results in this thesis are done in the full space. For a
plane wave incidence, the direction of the propagation is parallel to the axis of symmetry, and
for a point source incidence, the source is located on the axis. Analyzing objects in a half
space, such as spheres above the flat ground, can also be done using the BOR code. Placing
acoustic images of the original objects in the full space is equivalent to the original objects in
the half space which loses the symmetry.

The BOR code can further be improved if it is modified to account for off-axis

incidence. The current code assumes that there is no field variation on a plane perpendicular
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to the symmetric axis. For example, when the plane wave is incident at an angle from the
axis of the symmetry, the incident fields on the surface of the object will vary accordingly.
The scattered fields will have the same variation due to the variation of the incident fields.
Finding out of a way to incorporate this variation in the BOR code will broaden its usage in

analyzing the diffractions.
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